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cardinality).7 This means most real and complex numbers are inaccessible in terms of our constructions.
Returning to solvability, constructible numbers allow us to solve linear and quadratic equation with

constructible coefficients. Ugly equations like
(√
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)
x2 +
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3
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)
x+ 8

√
53 = 0 are

solvable in the field of constructible numbers. However, a simple equation like x3 − 3 = 0 is not!!!
Ahhh, but why? Why are things as simple as cube roots not constructible in the constructible num-

bers? On the most simple and intuitive level, let’s just say that, using a compass and straightedge,
these numbers are constructed “on the flat” or in a plane. Think about the limitations of a flat square
on the page.8 However, cubed numbers and cubed roots would most intuitively be contextualized in
3-dimensional space and working with polynomials of degree 3.

6 The Long and Short of It (i.e., A Summary)
Through both review and extension, we provide some notes regarding some of our current findings (points
1–3). We then mention that how our findings generalize to higher dimensions (points 4–6).

1. Intersections of lines through points in the lattice Z2 construct all points in a dense cloud of points
with rational coordinates Q2.

2. In our lattice of points with integer coordinates, Z2, restricting line segments to vertices at points
(integer, integer), some

√
integer lengths are constructible.

3. Beginning with our lattice of points with integer coordinates and allowing iterative constructions,
all

√
rational lengths are constructible.

4. If we move to higher dimensions, intersecting (hyper-)planes through points with integer coordi-
nates (i.e., hyper-planes through points in the lattice Zn) will yield points with rational coordinates
(i.e., points in Qn).

5. Lengths of line segments between points with integer coordinates in Z3 will yield
√
integer for

any integer that is the sum of three squares: a2 + b2 + c2. Interestingly, according to Lagrange’s
Four Squares Theorem9 (see, e.g., [9], Theorem. 13.8 on page 500), every non-negative integer can
be written as a sum of four integer squares: a2 + b2 + c2 + d2. Therefore, considering lengths of
line segments between points in Zn for n ≥ 4, every

√
integer shows up!

6. Beginning in Zn for n ≥ 3 (which is beyond the traditional realm of constructible numbers) and
allowing iterative constructions of hyper-planes (passing through previously constructed points)

7We point the interested reader to [6] for an explanation and exploration of sizes of infinity (i.e., cardinality) and to [3] for
an exploration of the relationships between various number systems such as rational, algebraic, and complex numbers.

8For an enjoyable romp “on the flat”, read E. Abbott’s Flatland: A Romance of Many Dimensions [1].
9According to Rosen [9], Fermat had discovered the Four Squares Theorem, but had not published it; Euler tried, but

wasn’t able to prove it; Lagrange was the first to publish (1770) a proof.
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