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Example 1 We are given a circle C' with radius ro and centered at O = (0,0), and an ellipse
of the form i—i + z—j =1, that is outside the given circle. Let A be a moving point on the circle.
Suppose we construct the line OA to intersect at a point B on the ellipse. We construct the line
[y passing through B and 1is parallel to y — axis. Next we construct the line ly passing through

the point A and is parallel to x — axis. (a) Find the locus for the point P that is the intersection
between l; and ly. (b) Mazimize the area of ABP.

Figure 1 Generating the locus
from a circle and an ellipse

We note that finding the locus for the point P can be solved by hand without too much work:
We write A = (A,, A,), B = (B, By), and let OB = r, {BOC = 0, then B = (acosf,bsinf).
We see OB? = a?cos?6 + b?sin? 0 = a?cos® 0 + b?(1 — cos?0) = b* + (a* — b*) cos® . Thus
r? =02+ (a® — b?) <2 which leads to
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OB=r= : (1)
Va? + b2 — (a2 — b?) cos 20
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2a°b* cos” 0
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If we write locus P = (P,, P,), then (P,)" = (\/a2+62(a262)c0526> cos® ) = T — (@ — ) con 20

and (P,)* = r2sin® 0. For part (b), the area of ABP is the absolute value of

% (AP) (BP) % (P — A,) (B, — P,) = % (rcosd — rocos0) (rsinf — \/igsing) . (2)



Now we substitute r in Eq. (10) into the area of ABP and use a CAS to simplify 3 (AP) (BP)
to the following form:
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— sin 26 v2ab —710 | - (3)
4 Va2 + b2 — (a2 — b2) cos 20

The locus corresponds to an ellipse is sketched in Figure 1 using [2]. If we use a CAS such as
[3] with specific numeric values of a = 5,b = 4 and ry = \/Li’ we find the maximum area of
ABP to be 3.5631, which occurs when 6 is about 0.655308 radians or 37.5464 degrees.

Example 2 We are given a circle C* centered at O = (0,0) with radius 1o, and a cardioid
which resembles the shape of r = a(1 — cosf), where 6 € [0,27] enclosing the given circle C*
as shown in Figure 2(a). We are given a moving point A on the circle. Suppose we construct
the line OA to intersect at a point B on the cardioid. We construct the line ly passing through
B and is parallel to y — axis. Next we construct the line lo passing through the point A and is
parallel to x — axis. Find the locus for the point P that is the intersection between l; and ls.

Figure 2(a) Locus Figure 2(b). Locus
generated by [I] generated by Maple [3].

First, we notice in Figure 2(a), the cardioid, of the shape = a(1—cos ), enclosing the circle, is
centered at the point C' and the circle C* is centered at (0, 0). If we use O = (0, 0) as the center
of the cardioid enclosing the circle, we may write the parametric equation [z(),y()] for such
cardioid as z(0) = a(1—cos ) cos(8)+OC and y(#) = a(1—cos @) sin(#) with OC' > ry. Now, we
let 0 = LBOC,p =£BCD, OB = R,0OC = a. We next will express R in terms of a and angle
¢. We write locus P = (P,, P)),A = (4;,4,), and B = (B,, B,), and note P, = A, = r¢sinf
and P, = B,. Note the original blue cardioid can be represented by = a(1—cos ). We observe
B, = Rcosf = a+rcosy and B, = Rsinf = rsin ¢, which leads to

R? = a2+2arcosg0+7’2

= a4 2a (a(1 — cos p)) cos p + a*(1 — cos p)?
= a” (2 — cos®p) . This implies (4)

R = a\/2—cos?p. (5)



In view of P, = B,, we see

P, r .2

— = 14 —cosp =1+ (1—cosgp)cosp =sin” g + cos ¢y,

a a

P, = a(sin®¢+ cose). (6)

Furthermore, we see

P, rsin sin (1 — cos p)

. ro.
— = sinf = —sinyp = = and

To R ay/2 — cos? p \/2 — cos?p
: 1_
[ (sm(p( cos gp)) ‘ (7)

/2 —cos?p

The parametric representative of locus P using angle ¢ is then [P,, P,]. We plot the locus
[P, P,] together with cardioid and circle when ro = 1 and OC' = 2 in Figure 2(b) with the help
of [3]. If we make the substitution of ¢ = tan £, then we can see that t*+4t> cot § — 4t —1 = 0,
which yields

P, 2t
a 1+
The Egs. (6) and (7) represent the parametric equation for the locus P in terms of angle ¢.
The sketch of the locus corresponding to a cardioid is shown using [/ in Figure 2(a).

P,
and Zy =sin6. (8)
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