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In view of problems posted at [/, we post the corresponding problems in 3D.

Example 1 We are given two concentric spheres centered at O = (0,0,0) of radii of a and b
(with a < b) respectively. See Figure 12, that is generated by GInMA [1|] below. The unit sphere
18 depicted in blue and the sphere of radius 2 is the one in yellow. We are given a moving point
A on the unit sphere and extend the ray OA to intersect the outer sphere at a point B. Next,
we project point B onto the plane E (in purple), which is a plane that passes through A and
is parallel to the xy plane. Denote by P the projection of point B in E. (In other words, the
vector AP is perpendicular to the normal vector of the plane E.) Find the locus for the point
P. Find the point B that will yield the mazximum area for the triangle APB.

Figure 1. Generating an
ellipsoid from two concentric
spheres.

We write A = (A,, Ay, A,),B = (B, By, B,), and let P = (P,, P,, P,) be the locus point.
We introduce the spherical coordinate system by letting ¢ the angle between OB and the
positive z—axis, and the angle # to be the angle between the projection of OB onto the zy-plane
and the positive x — axis. If we let a = OA and b = OB, then we see that B, = bcosy, B, =
bsin ¢ cos ) and B, = bsin psinf. We note that P, = A, = acosyp, P, = B, = bsinpcosf and
P, = B, = bsin psin 6. It shows that the locus surface in this case is an ellipsoid of the form
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We may interpret part (a), finding the locus surface, as one way of constructing an ellipsoid as
stated in [3]. We construct the locus surface in green as seen in Figure 1 with the help of [1I].

In order to generalize the idea of obtaining a locus through perpendicular projections, we
replace the outer ellipsoid in Exercise 9 with another surface that encloses a sphere of a given
radius. We consider the following cardioid surface below:

Example 2 We are given a sphere centered at O = (0,0) with radius of ro, and the cardioid
surface S, by rotating [x(t),y(t)] = [a(1 — cost)cost + a,a(l — cost)sint], where t € [0,27],
around the © — axis. Let A be a moving point on the sphere and we extend the ray OA to
intersect the outer cardioid surface at a point B. Next, we project point B onto the plane
E, which is a plane that passes through A and is parallel to the xy plane. Denote by P the
projection of point B in E. In other words, the vector AP is perpendicular to the normal vector
of the plane E. Find the locus for the point P. (See Figures 2(a)-2(c))

Figure 2(a) A sphere, Figure 2(b) Locus
cardioidal surface and surface when the point
locus A varies

Figure 2(c) Locus
generated by MAPLE

We note that the cardioid surface can be written as [x(t),y(t) cos @, y(t) sin ], where t €
[0,27] and ¢ € [0,7]. As we have seen in [J] the locus for the two dimensional cardioid
[z(t),y(t)] = [a(1 — cost)cost + a,a(l — cost)sint] is

[2*(t), y*(t)] = |a (sin®t + cost) , 7o <

sint (1 —cost))}
V2 — cos?t 7

where ¢ € [0, 27]. Thanks to symmetry, the locus surface for the cardioid surface is
[2%(t),y"(t) cos .y (t) sin ] .

In Figures 2(a) and 2(b), with the aid of GInMA [1], we plotted various views of cardioid
surfaces together with the enclosed spheres and respective locus surfaces. We also verified the
locus surface analytically with [4] when a = 2 and 7o = 1 as displayed in Figure 2(c).
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