PROBLEM CORNER

Provided by Alvaro Gamboa
[.LE.S Ciudad de los Poetas, Madrid, Spain

E-mail: alvarogamboal245@gmail.com

Although Problem 2 has been proposed by prof. Ricardo Barroso (who has also proposed the
corresponding solution), we present here the solution to Problems 1 and 2 that has been written
by the proposer of Problem 1, namely, by the 16-years old student Alvaro Gamboa, to whom
we would like to thank and to encourage getting so interested in doing mathematics!
Throughout this Solution, we will denote (A4, B) the line passing through two different

points 4 and B. In addition, AB will denote the segment joining 4 and B, whose length will be
denoted by 4B.

Problem 1. Let X, X,,..., X, be the vertices of a regular n-gon P and let P be any point

interior to P . We denote by F, the projection of P onto (X, X ). By abuse, we denote

X,,,=X,,andso P =P . Prove thatthe sum

— Tnn+lt

XiE i+l
i=1
is constant, that is, it does not depend on the point P.
SOLUTION. We are going to prove that
ZXiB,Hl =S, (1)
i=1

where s is the semi-perimeter of P .

Xit1

Let a be the measure of the angle formed by two whichever consecutive sides of P . Also, let



r.:= PP,

i,i+1

prove the following

Claim:

Yp o +r-cosa

it T

- , forevery i € {1, 2,...,n}
sin

for every I € {1, 2,..., n} For notational convenience we denote 7, :=7,. Now, let us

)

To prove it, let N :=r(P,F, )Nr(X,_,X,). The measures of the angles of the quadrilateral

PP, X,F_;addup 27,50 XP_| ,PN =7 —a, hence £PNP_ . =« —%. Therefore,
7.
—cosa =cos(r—a)=cos £PNP_,, = i
’ l/; + Pi,i+lN
As aresult,
7., +r-cosa
F.,N= A
’ —Ccos o
Furthermore,
—cosa T X.P.
—~ =tan| o —— |=tan(£P, NX,) = —1=
sin o 2 ’ P,,N

From (3) and (4) one gets 7, +7,-cosa = X, P, -sina, which proves Claim (2).

In light of the Claim, statement (1) is equivalent to
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r, +1-cosa
St
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Before proving this equality, let us make some additional observations.
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Let 1 be the length of each side of P . Now, we will express the area A (P )of P in two

different ways. On one hand,
A (P ) = ZAAPXI-XM =) —t=

On the other hand, it is well known that
A(P)=s-h,

where / is the distance from the center of P to any side of P .
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Notice that
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Substracting (6) and (8) gives

n

o
7, =s-tan (EJ C)

i=1
We are ready to prove (5) and so the statement.
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as claimed.

Problem 2. Let I be the incenter of a triangle A ABC , that is, the point of intersection

of the bisectors of the angles of the triangle. Let 1,1, and 1, be, respectively, the lines which

are perpendicular through I to the lines »(A4,1), r(B,I) and r(C,I). Prove that the points
X=rB,C)nl,, Y=r(4,C)Nl, and Z:=r(4,B)N1,.

are collinear.

SOLUTION. By Menelao’s theorem it is enough to prove the equality

e el ()
XC YA ZB



Consider the auxiliary points
D=r(4,1)nr(B,C), E=r(B,I)nr(4,C) and F =r(C,I1)nr(4,B).
Let us denote
ABAC =2a, XCBA=2p and XACB=2y
Since ! is the incenter of A ABC the following equalities hold:
ABAl = XIAC=a, XCBlI=XIBA=p and XACI=XICB=y
Consequently,
XIDB=r—-a-2p, LIEC=r-p-2y, XIFA=r—-y-2a,
XCDI=r—-a-2y, KLAEl=rn—-p-2a, XBFI=r—-y-2f8
Therefore,
ABID=a+ [ =XFEIA, XCIE=p[+y=XFIB and XAIF =a+y=XDIC

As aresult,



ACCLXz%—(aH/), 4YIC=%—(ﬁ+7), &Z[A=§—(0{+}/),

AIXC=a+27—%, ACYI=ﬁ+27—§ and A(AZ[zzaﬂ/_%

Applying the Law of sines to triangles A X/C and A XBI , one respectively gets

XC X ond XB X
sin(;[—(a+7/)j sy sin(72[+(a+ﬂ)j sin f§

Applying the Law of sines to triangles AYIC and AYAI, one respectively gets

Yc Iy YA 1Y

and =—
sin (’2[ —~(B+ ]/)j sin(;[ +(a+ ,6’)) e

sin ¥

and, applying the Law of sines to triangles AZI4 and AZBI , one respectively gets

ZA 1z ZB 1Y

=— and =—
sin(Z—(a+7)j sima sin(g+(ﬂ+7)) sin

Finally we obtain
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as claimed.



